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Abstract
The quark condensate which enters the Gell-Mann-Oakes-Renner (GMOR)
relation, is investigated in the framework of one-gluon-exchange models. The
usual denition of the quark condensate via the trace of the quark propagator
produces a logarithmic divergent condensate. In the product of current mass
and condensate, this divergence is precisely compensated by the bare current
mass. The nite value of the product in fact does not contradict the relation
recently obtained by Cahill and Gunner. Therefore the GMOR relation is still
satised.

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The common believe that Quantumchromodynamics (QCD) is the right theory of
strong interactions, stems from a good agreement of theoretical predictions with
the experimental data in deep inelastic scattering experiments [1]. The theoretical
approach is thereby based upon perturbation theory, which is the appropriate tech-
nique since the eective expansion parameter, i.e. the running coupling constant, is
small at high momentum transfer. At medium energies, the non-trivial ground state
properties of the QCD vacuum induce corrections to the perturbative result. These
corrections can be systematically included within an operator-product-expansion
(OPE) [2, 3], where non-perturbative vacuum properties are parameterized in terms
of condensates. The powerful technique of QCD sum rules [4, 5] combines the OPE
and dispersion relations in order to address hadron properties. The actual values
of the condensates are obtained by tting the masses of mesons and hadrons [4, 5].
Unfortunately, a direct calculation of the condensates and hadron properties from
QCD is not feasible at present stage, since a large eective coupling constant at low
energies renders the investigations cumbersome.
Exploiting the realization of symmetries in low energy QCD provides further inside
into the QCD vacuum structure and results in low energy theorems [6]. In particular,
the spontaneous breakdown of chiral symmetries [7] leads to a good description of
the light pseudo-scalar mesons as Goldstone bosons [8]. A further consequence of
chiral symmetry is the Gell-Mann-Oakes-Renner (GMOR) relation, which relates
the pion mass m

and the pion decay constant f

to the product of current quark







= 2mhqqi : (1)
This equation is of particular importance, since it provides access to meson observ-
ables by simply studying properties of the quark ground state. Recently, the GMOR
relation gained further phenomenological importance in estimating the density de-
pendence of the meson observables as requested to describe compact star matter [9].
Despite of the success due to sum rules and symmetry arguments, one must resort
to low energy eective models in order to move towards a \microscopic" descrip-
tions of baryons and mesons. The one-gluon-exchange models [10, 11, 12, 13, 14, 15]
have proven to be phenomenological very successful. In these models, the quark
interaction is described by an eective one-gluon exchange, which match the well
known interaction at high energies. The models are (at least one-loop) renormal-
izable, and connement of quarks can be described by a quark propagator which
nally vanishes due to infra-red singularities [11], or which does not have poles corre-
sponding to asymptotic quark states [12]. Meson phenomenology can be successfully
addressed [13, 15] (for a review see [12]), and the description of baryons in terms of
the Faddeev equation approach seems feasible [14].
Within the context of the one-gluon-exchange model, Cahill and Gunner recently
argued that the GMOR relation (1) is wrong. A new formula which determines
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the product of pion mass and decay constant in terms of the quark propagator,
was proposed [16, 13]. The discrepancy originates from the denition of the quark
condensate as the trace of the quark propagator. This denition naturally provides
a logarithmic divergent condensate, whereas the GMOR relation seems to require
a nite condensate. The arguments involved are not conned to the one-gluon-
exchange model implying that the problem at hand exists in the general context of
QCD.
In this letter, we reconsider the GMOR relation in the context of the one-gluon-
exchange models. We will show that, in the product of current mass and quark
condensate, the logarithmic divergence of the condensate is precisely compensated
by the vanishing of the bare current mass. The product is nite and coincides with
the formula derived by Cahill and Gunner [16] and by Frank and Roberts [13],
implying that the GMOR relation (1) also holds in one-gluon-exchange models.














At large momentum transfer k, the asymptotic behavior of the function Z(k
2
)
and the self-energy (k
2
) can be obtained in perturbation theory augmented with
operator-product corrections. Z(k
2
) rapidly approaches 1,
Z(k
2
)  1 + ( logarithmic corrections) ; (4)
whereas (k
2
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where  is the renormalization scale, m
R
the renormalized current quark mass and
hqqi
OPE
the quark condensate used as parameter in the OPE. d
m
is the anomalous










being the number of quark avors. Inserting (5) into (2), one nds [12] in
the chiral limit m
R











































is the number of colors and the dots indicate nite terms. This implies




The crucial observation is that (7) does not rule out the denition of the quark
condensate (1), since the GMOR relation requires the product of current mass and
condensate. The generic behavior of the bare current mass is to vanish at large

















This directly leads to a cancelation of the logarithmic divergence in the product of
current mass and condensate [17], i.e.





This implies that the condensate appearing in the OPE is perfectly compatible with
the one entering the GMOR relation.
In the rest of the letter, we will show that the mass formula, derived by Cahill
and Gunner [16] and independently by Frank and Roberts [13], coincides with the
left hand side of (9). For this purpose, we resort to a particular model, where the
self-energy is provided by the Dyson-Schwinger equation
(p
2





























where  is the UV-regulator, which we will later take to innity. The kernel
D((p   k)
2
) can be interpreted as Lorentz and color trace of the eective gluon-
propagator. We need not to specify D((p   k)
2
) for our argument here. For later













































(0)), one might neglect the
change in the function Z(k
2






The divergence of the condensate for m
R
6= 0 is even worse.
2
In certain models e.g. [11], the wave function renormalization might be necessary to cover
infra-red divergences. A more appropriate treatment of the function Z(k
2
) is requested in these
models.
4
The properties of the light pseudo-scalar mesons in the case of a small explicit
breaking of chiral symmetry can be addressed by powerful techniques which step
by step exploit the symmetry aspects and which became standard nowadays (for
a review see e.g. [12]). Exploiting the chiral symmetry, it is possible to relate the
















The normalization is obtained by normalizing the charge of the pion with the help of
the electro-magnetic form factor to unity. The full electro-magnetic vertex function
at small momentum of the incoming photon, which enters the electro-magnetic form
factor, and the full axial vector vertex function, needed to bring f

into the game,
are unambiguously known from dierential Ward identities. Expanding the pion's
Bethe-Salpeter equation to leading order in m (which is by assumption small to the


















































In this equality, the regulator can be safely removed (!1), since the integrand
asymptotically decreases like 1=k
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This result agrees with the ndings of Cahill and Gunner [16] and of Frank and
Roberts [13]. The main observation is that for even constant (k
2
) (in fact, (k
2
)
is expected to decrease with increasing k
2
), the momentum integration rapidly con-
verges.
In order to relate the right hand side of (15) to equation (9), we rst expand the












































































































































































































































































The divergence of the integral at the right hand side of (18) in the limit !1 is
precisely compensated by the vanishing bare current mass m() to yield the nite















































In conclusions, the cuto-dependence of the bare current massm() precisely cancels
the logarithmic divergence of the quark condensate which is dened via the trace of
the quark propagator. The nite value of the product of current mass and quark
condensate precisely yields the formula recently derived by Cahill and Gunner [16]
and independently by Frank and Roberts [13]. We have therefore shown that there
is no reason to conclude that the GMOR relation is wrong in the context of the
one-gluon-exchange models. The above denition of the quark condensate is also
compatible with the OPE denition via the asymptotic behavior of the self-energy.
The GMOR relation is still satised.
Acknowledgments:
We thank Reginald T. Cahill and Mannque Rho for encouragement and helpful
comments, and R. Alkofer for helpful remarks on the manuscript. We are also
thankful to H. Reinhardt for his continuous interest in this work as well as for
support.
References
[1] F. J. Yndurain, Quantum Chromodynamics , Springer Verlag, 1983; J.
Collins, Renormalization , Cambridge University Press, 1984.
6
[2] M. A. Shifman, A. I. Vainshtein, V. I. Zakharov, Nucl. Phys. B147 (1979)
385; V. A. Novikov, M. A. Shifman, A. I. Vainshtein, V. I. Zakharov, Nucl.
Phys. B174 (1980) 378, Nucl. Phys. B249 (1985) 445.
[3] P. Pascual and R. Tarrach, QCD: Renormalization for the Practitioner
(Springer Verlag 1984).
[4] S. Narison, QCD Spectral Sum Rules , World Scientic Lecture Notes in
Physics Vol. 26, Signapore 1989.
[5] L. J. Reinders, H. Rubinstein, S. Yazaki, Phys. Rept. 127 (1985) 1.
[6] Ta-Pei Cheng and Ling-Fong Li, Gauge Theory of Elementary Particle
Physics (Oxford University Press, New York, 1984).
[7] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124 (1961) 246,255.
[8] U. Vogel and W. Weise, Prog. Part. Nucl. Phys. 27 (1991) 195; D. Ebert,
H. Reinhardt and M. K. Volkov, Prog. Part. Nucl.Phys. 33 (1994) 1.
[9] See for a recent discussion, G. E. Brown and M. Rho, Chiral restoration in
hot and/or dense matter, Phys. Repts., to appear.
[10] H. Pagels, Phys. Rev. D15 (1977) 2991; D. Atkinson, P. W. Johnson, Phys.
Rev. D41 (1990) 1661; G. Krein, A. G. Williams, Mod. Phys. Lett. 4a
(1990) 399.
[11] L. v. Smekal, P. A. Amundsen, R. Alkofer, Nucl. Phys. A529 (1991) 633.
[12] C. D. Roberts, A. G. Williams, Prog. Part. Nucl. Phys. 33 (1994) 477-575.
[13] M. R. Frank, C. D. Roberts, Phys. Rev. C53 (1996) 390.
[14] Reginald T. Cahill, Nucl. Phys. 543 (1992) 63c.
[15] R. T. Cahill, S. M. Gunner, Phys. Lett. B359 (1995) 281.
[16] R. T. Cahill, S. M. Gunner, A New Mass Formula for NG Bosons in QCD,
hep-ph/9507268, in press by Mod. Phys. Lett. A.
R. T. Cahill, S. M. Gunner, hep-ph/9601319, contribution to the Joint Japan
Australia Workshop, Adelaide, November 1995.
[17] V. A. Miranski, Dynamical Chiral Symmetry Breaking, World Scientic, Sig-
napore 1993.
[18] H. D. Politzer, Nucl. Phys. B117 (1976) 397, Phys. Lett. B116 (1982) 171;
J. Gasser, H. Leutwyler, Phys. Rep. 87 (1982) 77.
7
[19] A. Cohen, H. Georgi, Nucl. Phys. B314 (1989) 7.
8
